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Abstract— Data-driven model predictive control (MPC)
based on Willems’ fundamental lemma has proven effective
for linear systems, but extending its stability guarantees
to nonlinear systems remains an open challenge. In this
paper, we establish conditions under which data-driven
MPC, applied directly to input-output data from a nonlin-
ear system, yields practical exponential stability. The key
insight is that the existence of an approximate Koopman
linear embedding lets the nonlinear data be interpreted
as noisy data from a linear time-invariant system, bring-
ing the problem within the scope of existing robust data-
driven MPC theory. Crucially, the embedding serves only
as a theoretical certificate: the controller operates on raw
nonlinear data without using the lifting functions. We fur-
ther show that the proportional structure of the Koopman
residual yields an asymptotic bound determined by the
offset c0 of the embedding error rather than by its worst-
case magnitude over the operating region. The framework
is demonstrated on a synchronous generator connected to
an infinite bus, for which we construct an explicit physics-
informed embedding with error bounds.

Index Terms— Data-driven control, Stability of nonlinear
systems, Predictive control for nonlinear systems

I. INTRODUCTION

A. Motivation and Background

DATA-DRIVEN control methods that bypass explicit sys-
tem identification have become a central topic in modern

control theory, building on Willems’ fundamental lemma [1].
For linear time-invariant (LTI) systems, this lemma provides
a complete, non-parametric characterization of the system’s
trajectory space using a single persistently exciting input-
output trajectory. When combined with model predictive con-
trol (MPC), this yields the Data-Enabled Predictive Control
(DeePC) algorithm [2] and its variants with rigorous closed-
loop stability and robustness guarantees [3].

Beyond MPC, Willems’ fundamental lemma has enabled a
broad range of data-driven designs for LTI systems [4]–[6],
providing a mature foundation that nonetheless relies funda-
mentally on linearity: the data must come from a linear sys-
tem, possibly noise-corrupted. Several approaches extend data-
driven methods to specific nonlinear classes: LTI embeddings
for bilinear systems [7], sum-of-squares programs for poly-
nomial systems [8], coordinate transformations for feedback-
linearizable systems [9], and linearization-based tracking MPC
[10].

A different perspective is offered by Koopman operator
theory [11], which provides a pathway toward applying linear
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methods to broad classes of nonlinear systems by lifting
the dynamics into a higher-dimensional (potentially infinite)
functional space where they evolve linearly. This Koopman-
based idea has been pursued along two distinct lines. The first
is identification-based: one learns a finite-dimensional Koop-
man model from data via extended dynamic mode decom-
position (EDMD) [12] and then applies standard MPC using
the identified model. Recent work has established stability
guarantees for this approach under proportional approximation
error bounds [13], [14]. The second line is directly data-
driven: the extended Willems’ fundamental lemma of [15]
shows that the trajectory space of a nonlinear system admitting
an exact Koopman embedding can be represented directly from
nonlinear data without knowledge of the lifting functions.

However, a critical subtlety is that exact finite-dimensional
Koopman embeddings rarely exist for physical systems. For
example, systems with trigonometric nonlinearities or bilin-
ear terms generically require infinite-dimensional embeddings
to achieve exact closure of the observables. Therefore, a
fundamental question remains: under what conditions is the
resulting closed loop stable, and how does the stability margin
depend on the system’s deviation from linearity? This makes
the approximate embedding framework not merely a theoret-
ical convenience, but a practical necessity. Because a finite-
dimensional embedding can only be expected to hold on a
bounded region, the guarantees we obtain are inherently local,
certifying the equilibrium whose basin contains the operating
region; this is the natural setting for nonlinear systems, which
may possess multiple disconnected equilibria.

In this paper, we establish rigorous conditions under which
data-driven MPC, applied directly to input-output data from
a nonlinear system, yields practical exponential stability. The
key insight is that the existence of an approximate Koopman
linear embedding certifies that the nonlinear data can be
interpreted as noisy data from a linear time-invariant system,
enabling the application of existing robust stability theories.
Our contributions are as follows: (i) We formalize the notion of
an approximate Koopman linear embedding with proportional-
with-offset error bounds; (ii) We prove that the robust data-
driven MPC scheme of [3], applied directly to input-output
data from a nonlinear system, yields practical exponential
stability whenever the system admits an approximate Koopman
embedding with sufficiently small error; unlike indirect data-
driven Koopman methods [13], [14], [16] that embed an
identified surrogate inside the controller, our scheme is directly
data-driven and uses the embedding only as an analytical
certificate, with no online evaluation of the lifting; (iii) We



provide a rigorous bridge between the Koopman approxima-
tion error and the bounded noise framework of [3], showing
how the nonlinearity gap maps to an effective noise level ϵ̄ that
determines the stability margin; (iv) As a representative appli-
cation, we construct an approximate Koopman embedding for
a third-order synchronous generator connected to an infinite
bus, with quantified error bounds, and verify the framework’s
effectiveness.

B. Notation
For a vector x and positive definite matrix P , a weighted

norm is defined as ∥x∥P :=
√
x⊤Px. We write col(·) for

column stacking and x[a,b] := col(xa, . . . , xb). For a signal
{xk}N−1

k=0 ⊂ Rq , the Hankel matrix of depth L is HL(x) :=
[x[0,L−1] x[1,L] · · · x[N−L,N−1] ] ∈ RqL×(N−L+1), whose
columns are the length-L windows of the signal. A sequence
{xk}N−1

k=0 ⊂ Rq is persistently exciting (PE) of order L if
rank(HL(x)) = qL.

II. APPROXIMATE KOOPMAN EMBEDDING
A. Koopman Linear Embedding

We consider a discrete-time nonlinear time-invariant system

xk+1 = f(xk, uk), yk = g(xk, uk) (1)

with state xk ∈ Rn, input uk ∈ Rm, and output yk ∈ Rp. We
assume the existence of an equilibrium (xs, us) ∈ Rn × Rm

satisfying xs = f(xs, us) and ys = g(xs, us), around which
we define the deviation variables x̄k := xk−xs, ūk := uk−us,
ȳk := yk − ys, and, given a lifting Φ = (Φ1, . . . ,Φnz

)⊤ :
Rn → Rnz with linearly independent components, z̄k :=
Φ(xk) − Φ(xs). Throughout, we assume that the system
operates in a compact domain X ⊂ Rn containing xs in its
interior, with input constrained to a compact set U ⊂ Rm

containing us in its interior.
Definition 1 (Koopman Linear Embedding [15]). The non-
linear system (1) admits a Koopman linear embedding of
dimension nz if there exist Φ, A, B, C, D such that z̄k satisfies

z̄k+1 = Az̄k +Būk, ȳk = Cz̄k +Dūk (2)

along all trajectories of (1) within the operating domain X ,
with A ∈ Rnz×nz , B ∈ Rnz×m, C ∈ Rp×nz , D ∈ Rp×m.
Evaluating (2) at the equilibrium (z̄k = 0, ūk = 0) yields
the consistency identities Φ(xs) = AΦ(xs) + Bus and ys =
CΦ(xs) +Dus, which hold automatically.

Definition 2 (Approximate Koopman Embedding). The sys-
tem (1) admits an approximate Koopman linear embedding
with proportional error bound (ϵA, ϵB , ϵC) and offset c0 ≥ 0
if there exist Φ, A, B, C, D such that z̄k satisfies

z̄k+1 = Az̄k +Būk + ek, ȳk = Cz̄k +Dūk + ηk (3)

along all trajectories within X , where the residuals satisfy:

∥ek∥2 ≤ ϵA ∥z̄k∥2 + ϵB ∥ūk∥2 + c0 (4)

∥ηk∥2 ≤ ϵC ∥z̄k∥2 (5)

for constants ϵA, ϵB , ϵC ≥ 0. When c0 = 0, the bound is
purely proportional; when c0 > 0, it is proportional-with-
offset. Evaluating (3) at the equilibrium gives ∥es∥2 ≤ c0 and
ηs = 0; equivalently, the consistency identity ys = CΦ(xs) +
Dus holds exactly, and ∥Φ(xs)−AΦ(xs)−Bus∥2 ≤ c0.

Assumption 1. The lifting Φ : Rn → Rnz is continuously
differentiable and bi-Lipschitz on X : there exist constants
ℓΦ, LΦ > 0 such that, for all x ∈ X ,

ℓΦ ∥x− xs∥2 ≤ ∥Φ(x)− Φ(xs)∥2 ≤ LΦ ∥x− xs∥2 . (6)

The concept of proportional error bounds for data-driven
Koopman surrogates was introduced by Bold et al. [17] in
the EDMD setting and developed further for kernel EDMD
in [13], [18], where the bounds on the full approximation
error can be rigorously verified; [19] subsequently established
asymptotic stability for Koopman MPC without stabilizing
terminal conditions. As noted in Section I, our framework
differs from these indirect methods (and from SafEDMD [16])
in that the embedding is used purely as an analytical certificate.

The centering at equilibrium in (4) is essential: a purely
proportional bound (c0 = 0) guarantees exponential sta-
bility (the error vanishes at the setpoint at an exponential
rate), while a proportional-with-offset bound (c0 > 0) yields
practical exponential stability (exponential convergence to a
neighborhood of radius O(c0)). Definition 2 combines the
exact embedding concept of [15] with the proportional er-
ror framework of [13], [14], extended to include the offset
term that arises naturally in finite-dimensional approximations.
Given the lifting Φ, we further define the following diam-
eters, diamz := maxx∈X ∥Φ(x)− Φ(xs)∥2 and diamu :=
maxu∈U ∥u− us∥2, both of which are finite by compactness.

Remark 1 (Interpretation of Approximate Embedding). The
lifting Φ is a given, fixed function, and A,B,C,D are an
optimal LTI surrogate that, given Φ, minimize the lifted one-
step prediction residual on the data (e.g., via EDMD [12]).
The residual ek is structural: it arises because Φ(f(xk, uk)) ̸=
AΦ(xk)+Buk in finite dimensions, i.e., the observable algebra
does not close. We call the residual-free system (ek = ηk =
0) the nominal Koopman system; it is a finite-dimensional
linear model whose deviation from the plant is quantified
by (ϵA, ϵB , ϵC , c0), following the robust-control convention
of [3].

III. STABILITY OF DATA-DRIVEN MPC UNDER
APPROXIMATE KOOPMAN EMBEDDINGS

A. Data-Driven Representation
Following the extended Willems’ fundamental lemma [15],

the trajectory space of a nonlinear system admitting an
exact Koopman embedding of dimension nz admits a
finite-dimensional, non-parametric data-driven representation.
Specifically, given l ≥ mL + nz length-L trajectories
col(ud,i, yd,i), i = 1, . . . , l, with L = Tini + N , define the
lifted-excitation matrix

HK :=

[
ud,1 · · · ud,l

Φ(x1
0) · · · Φ(xl

0)

]
∈ R(mL+nz)×l, (7)

and the input-output data matrix

Hd :=
[
U⊤
P U⊤

F Y ⊤
P Y ⊤

F

]⊤ ∈ R(m+p)L×l, (8)

where each block is built from the l trajectories: UP ∈
RmTini×l and YP ∈ RpTini×l stack the first Tini steps (the
past window) of the input and output trajectories as columns,
while UF ∈ RmN×l and YF ∈ RpN×l stack the remaining N
steps (the future window). We say the library satisfies lifted



excitation of order L [15] when HK has full row rank. Under
this condition and Tini ≥ nz , [15, Thm. 3] shows that every
length-L trajectory of the nonlinear system can be represented
as a linear combination of the columns of Hd. Throughout, we
adopt the standard sliding-window data-collection regime, in
which a single offline trajectory of length Tdata is partitioned
into l = Tdata−L+1 overlapping length-L subsequences; in
this regime, persistent excitation of ud of order L+nz (along
with controllability) implies lifted excitation of order L [15].

Exact Koopman embeddings rarely exist for nonlinear sys-
tems, raising the question: how does this representation de-
grade under an approximate embedding, and can it still support
a stability-preserving controller? Our contribution is to answer
this affirmatively by recasting the residuals of Definition 2 as
bounded noise: ek acts as a bounded process disturbance and
ηk as bounded output noise, allowing us to view (ud, yd) as
noisy data from the nominal LTI Koopman system. This brings
the problem within the scope of robust LTI data-driven MPC,
and we adopt the scheme of [3, Algorithm 2] with Tini = nz

so that L = nz + N . The scheme requires a noise tolerance
parameter ϵ̄ > 0, an upper bound on the modeling noise level;
Lemma 1 below derives an explicit value of ϵ̄ in terms of
the Koopman approximation constants. With this parameter,
at each discrete time step t ∈ Z≥0, the MPC solves the
following optimization over the decision variables α(t) ∈ Rl,
σ(t) ∈ RpL, û(t) ∈ RmL, and ŷ(t) ∈ RpL:

min
α,σ,û,ŷ

L−1∑
k=0

ℓ(ûk(t), ŷk(t)) + λαϵ̄ ∥α(t)∥22 + λσ ∥σ(t)∥22

(9a)

s.t.
[
û[0,L−1](t)
ŷ[0,L−1](t)

]
= Hd α(t) +

[
0

σ(t)

]
(9b)

û[0,nz−1](t) = u[t−nz,t−1], ŷ[0,nz−1](t) = y[t−nz,t−1] (9c)
û[L−nz,L−1](t) = unz

s , ŷ[L−nz,L−1](t) = ynz
s (9d)

ûk(t) ∈ U , ∥σk(t)∥∞ ≤ ϵ̄(1 + ∥α(t)∥1) (9e)

where ℓ(û, ŷ) = ∥û− us∥2R + ∥ŷ − ys∥2Q with Q,R ≻ 0, and
λα, λσ > 0 are regularization parameters. The vectors unz

s ∈
Rmnz and ynz

s ∈ Rpnz denote nz stacked copies of us and ys,
respectively. The first/last nz steps of the length-L predictions
(û, ŷ) are constrained to match recent measurements (9c) and
the equilibrium (9d), respectively. The slack variable σ and
its constraint (9e) absorb the mismatch between the nonlinear
data and any LTI model. The scheme is applied in an nz-step
fashion: solve (9), apply u[t,t+nz−1] = û∗

[nz,2nz−1](t), then set
t← t+nz and repeat. Unlike DeePC [2], (9) adds the terminal
constraint (9d) and slack bound (9e) that yield the guarantees
of [3].

It remains to establish that this scheme inherits the practical
exponential stability of [3, Theorem 3] even though our
system is nonlinear and the “noise” arises from Koopman
approximation rather than measurement error. The closed-loop
trajectory under the nz-step receding-horizon application of
(9) should converge to a neighborhood of (xs, us) that shrinks
as the embedding error vanishes.
B. Impact of Koopman Error on Data-Driven Control

Lemma 1 formalizes the noise interpretation of Section III-
A quantitatively, deriving the effective noise level ϵ̄ in terms of

the embedding quality (ϵA, ϵB , ϵC , c0), which in turn depends
on physical parameters of the system (such as sampling
period and operating regime). Theorem 2 then translates this
boundedness into closed-loop practical exponential stability.

Lemma 1 (Koopman Error as Bounded Output Noise). Let
Φ, A,B,C,D be an approximate Koopman embedding of
dimension nz for (ϵA, ϵB , ϵC , c0) in the sense of Definition 2,
with the system operating within X under inputs u ∈ U . Let
(ud,i, yd,i) be any trajectory of the nonlinear system of length
L, and define the nominal Koopman trajectory in deviation
coordinates: ˆ̄znom,i

0 = z̄i0, ˆ̄znom,i
k+1 = Aˆ̄znom,i

k + Būd,i
k , and

ȳnom,i
k = C ˆ̄znom,i

k + Dūd,i
k . Let ϵd,ik := ȳd,ik − ȳnom,i

k denote
the output discrepancy at step k. Then:
(i) Uniform bound. Defining ē := ϵA diamz + ϵB diamu+ c0,
the per-step bound is∥∥∥ϵd,ik

∥∥∥
2
≤ ϵ̄k := ∥C∥2 ē

k−1∑
l=0

∥A∥l2 + ϵC diamz, (10)

and a uniform bound over all k ≤ L − 1, as required by [3,
Problem (6)], is

ϵ̄ := max
0≤k≤L−1

ϵ̄k = ∥C∥2 ē

L−2∑
l=0

∥A∥l2 + ϵC diamz. (11)

(ii) State-dependent bound. The output discrepancy admits the
sharper, state-dependent bound∥∥∥ϵd,ik

∥∥∥
2
≤

k−1∑
l=0

∥∥CAl
∥∥
2

(
ϵA

∥∥z̄ik−1−l

∥∥
2
+ ϵB

∥∥ūi
k−1−l

∥∥
2
+ c0

)
+ ϵC

∥∥z̄ik∥∥2 . (12)

In particular, if ϵB = ϵC = 0, this simplifies to∥∥∥ϵd,ik

∥∥∥
2
≤ ϵA

k−1∑
l=0

∥∥CAl
∥∥
2

∥∥z̄ik−1−l

∥∥
2
+c0

k−1∑
l=0

∥∥CAl
∥∥
2
. (13)

The proportional term depends on the actual trajectory de-
viation

∥∥z̄ij∥∥2 rather than the worst-case diamz; near equi-
librium, the effective noise reduces to O(c0), which can be
orders of magnitude smaller than the uniform bound (11).

Proof: From Definition 2 applied to the trajectory
(ud,i, yd,i), ȳd,ik = Cz̄d,ik +Dūd,i

k +ηik with
∥∥ηik∥∥2 ≤ ϵC

∥∥z̄ik∥∥2.
The discrepancy is

ϵd,ik = C
(
z̄ik − ˆ̄znom,i

k

)︸ ︷︷ ︸
=:∆i

k

+ηik. (14)

The actual lifted deviation satisfies z̄ik+1 = Az̄ik +Būd,i
k + eik,

while the nominal satisfies ˆ̄znom,i
k+1 = Aˆ̄znom,i

k + Būd,i
k . Sub-

tracting gives ∆i
k+1 = A∆i

k + eik with ∆i
0 = 0, which unrolls

to ∆i
k =

∑k−1
j=0 A

k−1−j eij . (i) Taking norms via ∥A∥k−1−j
2

and using
∥∥eij∥∥2 ≤ ē (since xi

j ∈ X , ud,i
j ∈ U ) gives (10);

the maximum over k yields (11). (ii) Bounding
∥∥C∆i

k

∥∥
2
≤∑k−1

j=0

∥∥CAk−1−j
∥∥
2

∥∥eij∥∥2 and substituting the proportional
bound from Definition 2 (without invoking diamz) gives (12).

Theorem 2 (Stability of Data-Driven MPC under Approxi-
mate Koopman Embedding). Consider a nonlinear system (1)
admitting an approximate Koopman embedding of dimension
nz with parameters (ϵA, ϵB , ϵC , c0) satisfying Assumption 1,



and let ϵ̄ be the effective noise level from Lemma 1. Assume
that the lifted pair (A,B) is controllable. Suppose:
(a) The offline input ud is PE of order L+ 2nz ,
(b) The prediction horizon satisfies L ≥ 2nz ,
(c) The quantity cpe ϵ̄ is sufficiently small, where cpe :=∥∥H†

ux

∥∥2
2

with Hux := col(HL+nz
(ud), xd

[0,Tdata−L−nz ]
)

and H†
ux := H⊤

ux(HuxH
⊤
ux)

−1, with xd the state se-
quence in some minimal realization of (ud, yd).

Then, for any VROA > 0 such that {x : ∥x− xs∥22 ≤
VROA} ⊆ X , there exist bounds λα, λα, λσ, λσ > 0 (depend-
ing on VROA, Q, R, and ϵ̄) such that, for any choice of λα ∈
[λα, λα] and λσ ∈ [λσ, λσ] (explicit bounds in [3, Eqs. (28)–
(29)]), the MPC scheme (9) is practically exponentially stable:
there exist constants c > 0 and ρ ∈ (0, 1) such that, for all
initial states with V0 := ∥x0 − xs∥22 ≤ VROA:

∥xk − xs∥2 ≤ c ρk ∥x0 − xs∥2 + β(ϵ̄), ∀ k ≥ 0 (15)

where β : R≥0 → R≥0 is continuous with β(0) = 0. The
constants c, ρ, and β depend on the cost matrices Q, R, the
regularization parameters λα, λσ , and the system dimensions.
If ϵ̄ = 0 (exact Koopman embedding), then β(ϵ̄) = 0 and (15)
reduces to exponential stability.

Proof: By Lemma 1, the nonlinear I/O data decompose
as (ud, yd,nom + ϵd) with

∥∥ϵdk∥∥∞ ≤ ϵ̄, where yd,nom are
trajectories of the nominal Koopman LTI system. Under the
sliding-window regime of Section III, condition (a) implies
lifted excitation of order L + nz on the resulting library
[15, Sec. III.B]; [15, Thm. 3] then supplies the data-driven
representation of length-(L + nz) trajectories of the nominal
Koopman system, which is the multi-trajectory analog of [3,
Thm. 1]. The same condition (a) supplies the full row rank
of Hux via [3, Cor. 2], while condition (b) is [3, Assum. 4]
and condition (c) is the robust stability margin condition of [3,
Thm. 3]. Applying [3, Thm. 3] to the nominal Koopman LTI
system with lifted region-of-attraction size L2

Φ VROA (so that
V0 ≤ VROA implies ∥z̄0∥22 ≤ L2

Φ VROA by the upper Lipschitz
bound of Assumption 1) yields ∥z̄k∥2 ≤ c̃ ρk ∥z̄0∥2 + β̃(ϵ̄) on
the lifted state. By the lower Lipschitz bound of Assumption 1,
this gives (15) with c := c̃ LΦ/ℓΦ and β := β̃/ℓΦ.

Since the minimal-realization state is not directly available
from input–output data, cpe is an analytical quantity (not
computed by the controller) and condition (c) is to be read
as an existence-type assumption; in practice, Φ(xd) serves as
a non-minimal surrogate that upper-bounds cpe.
Remark 2. The existence of an approximate Koopman
embedding suffices for the qualitative stability conclusion,
whereas tightening the quantitative margin and the slack toler-
ance ϵ̄ require knowledge of the constants (ϵA, ϵB , ϵC , c0) and
the spectral properties of A and C. The systematic discovery
of such embeddings is beyond the scope of this paper.

C. Tighter Bounds via Proportional Error Structure

The uniform bound ϵ̄ in Lemma 1(i) can be conservative in
two ways: (i) it uses ∥A∥l2 (spectral norm raised to a power)
rather than the tighter

∥∥Al
∥∥
2
, and (ii) it replaces the state-

dependent residual
∥∥z̄ij∥∥2 by the worst-case diamz . We now

address the first; the second is already addressed by part (ii)
of Lemma 1.

Lemma 3 (Tighter Uniform Bound). Under the same condi-
tions as Lemma 1, the per-step output discrepancy satisfies:

ϵ̄ tightk := ē

k−1∑
l=0

∥∥CAl
∥∥
2
+ ϵC diamz (16)

with uniform bound ϵ̄ tight := max0≤k≤L−1 ϵ̄
tight
k =

ē
∑L−2

l=0

∥∥CAl
∥∥
2
+ ϵC diamz . This satisfies ϵ̄ tight ≤ ϵ̄, with

strict inequality whenever A is non-normal.

Proof: Since ∆i
k =

∑k−1
j=0 A

k−1−jeij (from the proof of
Lemma 1), applying (14):∥∥C∆i

k

∥∥
2
=

∥∥∥∥∥∥
k−1∑
j=0

CAk−1−j eij

∥∥∥∥∥∥
2

≤
k−1∑
j=0

∥∥CAk−1−j
∥∥
2

∥∥eij∥∥2 ≤ ē

k−1∑
l=0

∥∥CAl
∥∥
2
.

When A is non-normal,
∥∥Ak

∥∥
2

may grow much more
slowly than ∥A∥k2 , so the gap between ϵ̄ tight and ϵ̄ can
be substantial; a quantitative illustration for the synchronous
generator is given in Section IV. The more significant improve-
ment comes from preserving the proportional error structure
through the entire bound, which is precisely what part (ii) of
Lemma 1 achieves.

Theorem 4 (Tighter Stability via Proportional Error). Con-
sider the setting of Theorem 2, and suppose additionally that
ϵB = ϵC = 0. Define:

SL :=

L−2∑
l=0

∥∥CAl
∥∥
2

(17)

and the offset-only noise level ϵ̄0 := c0 SL. Let LΦ be the
upper Lipschitz constant from Definition 2. Then:
(a) (Conditional bound) For any r > 0, if ∥xk − xs∥2 ≤

r/LΦ for all k in the offline and online trajectories, the
effective noise level can be tightened from ϵ̄ to:

ϵ̄(r) := ϵA SL r + ϵ̄0. (18)

(b) (Fixed-point argument) Provided ϵA SL is sufficiently
small, the bound (15) from Theorem 2 holds with ϵ̄
replaced by ϵ̄(r∗), where r∗ is the smallest positive solution
of:

r = LΦ

(
c ∥x0 − xs∥2 + β(ϵ̄(r))

)
, (19)

with c, β from Theorem 2. Since β is continuous with
β(0) = 0 and ϵ̄(r)→ ϵ̄0 = O(c0) as r → 0, the fixed-point
r∗ exists and yields:

lim sup
k→∞

∥xk − xs∥2 ≤ β
(
c0 SL

)
(20)

which depends on c0 (the offset) rather than ϵA diamz (the
worst-case proportional error).

Proof: Part (a). If ∥xk − xs∥2 ≤ r/LΦ, then by Lipschitz
continuity, ∥z̄k∥2 = ∥Φ(xk)− Φ(xs)∥2 ≤ LΦ ∥xk − xs∥2 ≤
r for all k. Lemma 1(ii) with ϵB = ϵC = 0 then gives



∥∥∥ϵd,ik

∥∥∥
2
≤ ϵA SL r + c0 SL = ϵ̄(r). This is a valid uniform

noise bound, so Theorem 2 applies with ϵ̄ replaced by ϵ̄(r).
Part (b). The bound (15) with noise level ϵ̄(r) gives
∥xk − xs∥2 ≤ c ∥x0 − xs∥2 + β(ϵ̄(r)) for all k (taking the
maximum of the right-hand side over k). The hypothesis of
part (a), ∥xk − xs∥2 ≤ r/LΦ, holds throughout the closed
loop if and only if r ≥ LΦ(c ∥x0 − xs∥2 + β(ϵ̄(r))). The
smallest such r is the fixed point r∗ of (19). This fixed point
exists when ϵASL is sufficiently small (so that β(ϵ̄(·)) grows
slowly enough as a function of r). The asymptotic tracking
error is lim supk ∥xk − xs∥2 ≤ β(ϵ̄(r∗)) ≤ β(ϵ̄0) = β(c0 SL).

Remark 3 (Improvement over Theorem 2). Theorem 4 gives
an asymptotic error β(c0 SL) versus β(ϵ̄) from Theorem 2.
The improvement has two sources: (i) SL =

∑∥∥CAl
∥∥
2

is
tighter than ∥C∥2

∑
∥A∥l2 (Lemma 3); and (ii) the propor-

tional structure replaces ē = ϵA diamz + c0 by c0 alone.
The second effect dominates when c0 ≪ ϵA diamz , which
is generic near an equilibrium. Since β = O(ϵ̄2) for small ϵ̄
[3], this effectively eliminates ϵA from the asymptotic bound,
leaving only c0 (illustrated for the generator in Section IV).

IV. APPLICATION TO THE SYNCHRONOUS GENERATOR

We now apply the framework developed in Sections II–III
to the synchronous generator model. This section serves both
to make the assumptions of Theorems 2 and 4 concrete on
a physically meaningful example, and to provide quantitative
bounds illustrating the conservatism analysis of Section III-C.
A. Synchronous Generator Model

We consider a single synchronous generator connected to an
infinite bus, modeled by the classical flux-decay model without
exciter or governor dynamics. The state is x = (δ, ω,E′

q)
⊤ ∈

R3, where δ is the rotor angle, ω the rotor angular velocity,
and E′

q the q-axis transient internal voltage. The control input
is uk = TM ∈ R (mechanical torque). With sampling period
∆t > 0 and Euler discretization, the system takes the form
(1) with f : R3 × R→ R3 given component-wise by:

δk+1 = δk +∆t(ωk − ωs) (21)

ωk+1 = ωk +
∆t

M

[
TM −D(ωk − ωs)−

E′
q,kV∞

XΣ
sin δk

]
(22)

E′
q,k+1 = E′

q,k +
∆t

T ′
d0

[
Efd −

Xd +Xe

XΣ
E′

q,k

+
(Xd −X ′

d)V∞

XΣ
cos δk

]
. (23)

Here, ωs is the synchronous speed, M := 2H/ωs the
normalized inertia, D the damping, T ′

d0 the d-axis transient
time constant, Xd, X

′
d, Xe the synchronous, transient, and line

reactances, XΣ := X ′
d+Xe, V∞ the bus voltage, and Efd the

field voltage. The nonlinearities are trigonometric (sin δ, cos δ)
and bilinear (E′

q sin δ); the input u = TM enters affinely
through (22). The system has n = 3 states, m = 1 input,
and p = 2 outputs yk = (ω̃k, Pe,k)

⊤, where ω̃k := ωk − ωs

and Pe,k =
E′

q,kV∞
XΣ

sin δk.
For this application, the operating region of Section II

is X := {(δ, ω,E′
q) : |δ − δs| ≤ δmax, |ω − ωs| ≤

ωmax, E′
q,min ≤ E′

q ≤ E′
q,max}, with δs the pre-fault

equilibrium angle, δmax < π/2, and ωmax ≪ ωs; the input
set is U := [TM,min, TM,max]. The per-step angle change then
satisfies |∆t(ωk − ωs)| ≤ ∆t ωmax ≪ 1 for typical rates
(∆t ≤ 0.005 s), as exploited below.

B. Approximate Koopman Embedding for the Generator
Theorem 5. Consider the discretized generator (21)–(23)
operating within the compact domain X and input set U
defined above. Define the lifting:
Φ(x) = col(δ, ω̃, E′

q, sin δ, cos δ, E
′
q sin δ, E

′
q cos δ) (24)

Then, zk = Φ(xk) satisfies an approximate Koopman linear
embedding (Definition 2) of dimension nz = 7 centered at the
equilibrium (xs, us) with

ϵA = κA ∆t, ϵB = 0, ϵC = 0, (25)
c0 = κ0 (∆t ωmax)

2, (26)

where κA > 0 depends on T ′
d0, Xd, X ′

d, V∞, XΣ, E′
q,max,

Efd, and κ0 := 2 + 2E′
q,max (see [20] for the explicit

expression of κA). The bound is proportional with offset:

∥ek∥2 ≤ ϵA ∥Φ(xk)− Φ(xs)∥2 + c0. (27)

Proof: See the extended arXiv version [20].
As shown in Appendix I of [20], the proportional constant
ϵA = O(∆t) receives contributions from the trigonometric
propagation in components 4–5 and the bilinear products
E′

q sin δ, E
′
q cos δ in components 6–7. The offset c0 arises

from the Taylor remainders in the small-angle approximation,
with ∆t ωmax being the per-step angle deviation bound from
the operating-region. For typical generator parameters (∆t =
0.0025 s, T ′

d0 ≈ 6 s, ωmax = 0.02 pu): ϵA ≈ 0.015 and
c0 ≈ 10−8, so the offset is negligible relative to ϵA, with
c0/ϵA ≈ 7× 10−7 pu.

Remark 4 (Non-Controllability and Non-Observability of the
Embedding). The raw nz = 7 realization (A,B) in (2) with
B = (0, ∆t

M , 0, 0, 0, 0, 0)⊤ is not controllable: C(A,B) :=
[B, AB, . . . , Anz−1B] has rank 2, spanning only {z1, z2} =
{δ, ω̃}, since the coupling of components 3–7 to z1, z2 resides
in the residual ek, not in A; likewise (C,A) is not observable.
The controllability hypothesis of Theorem 2 is nonetheless
met, as it applies to a minimal realization of G(z) = C(zI −
A)−1B + D, of order neff ≤ nz , which is controllable and
observable by construction.

C. Conservatism of the Uniform Bound and Recovery
via Proportional Structure

Theorem 2, applied to the generator with the constants
from Theorem 5, gives an effective noise level ϵ̄ =
∥C∥2 ē

∑L−2
l=0 ∥A∥

l
2 with ē = ϵA diamz + c0. While each

factor is individually moderate, the product can be large.
For the minimum horizon L = 14 with typical parameters
(∆t = 0.0025 s, ωmax = 0.02 pu, diamz ≈ 1):

ϵ̄ ≈ 2.5︸︷︷︸
∥C∥2

× 0.015︸ ︷︷ ︸
ē

× 43︸︷︷︸∑
∥A∥l

2

≈ 1.6.

This effective noise, while O(∆t) in scaling, has a large
constant (∥C∥2

∑
∥A∥l2 ≈ 107) from the accumulation of

errors over L steps and the non-normality of A (∥A∥2 = 1.18,



Fig. 1. Closed-loop response of (9) for the SMIB generator: speed
deviation (top), normalized rotor angle deviation (middle), and control
input (bottom), for ∆t ∈ {5, 10, 25}ms at fixed physical horizon
L∆t = 500ms.

ρ(A) = 1). Substituted into [3, Thm. 3], ϵ̄ ≈ 1.6 yields a
bound on the order of 103 pu, far exceeding any operationally
relevant deviation, though the theorem remains qualitatively
correct (β(ϵ̄)→ 0 as ϵ̄→ 0).

The two refinements of Section III-C resolve this. First,∥∥Ak
∥∥
2

grows linearly in k, not exponentially as ∥A∥k2
suggests: for L = 14, ∥C∥2

∑12
l=0 ∥A∥

l
2 ≈ 107 while∑12

l=0

∥∥CAl
∥∥
2
≈ 49 (factor ∼ 2); for L = 50 the ratio exceeds

130×, so Lemma 3 is essential at longer horizons. Second,
applying Theorem 4 (ϵB = ϵC = 0):

c0
ē

=
c0

ϵA diamz + c0
≈ 10−8

0.015
≈ 7× 10−7.

The effective noise at the equilibrium is six orders of
magnitude below the worst case; since β = O(ϵ̄2) [3],
the asymptotic error improves by O(10−12), recovering a
physically meaningful bound.

D. Closed-Loop Simulation

Closing the loop with TM,s = 0.3 pu (δs = 27◦), we
implement (9) with nz = 7, ϵ̄ = 0.1, Q = diag(106, 100),
R = 0.1, λα = 1, λσ = 10, and an offline library of length
10L excited by zero-mean N (0, 0.022) inputs. From initial
state (δs + 0.02, ωs + 0.005ωs, E

′
q,s) with L∆t = 500ms

fixed across ∆t ∈ {5, 10, 25}ms, Fig. 1 shows the MPC
drives the speed deviation to zero within ∼ 0.1 s and the rotor
angle monotonically to equilibrium, validating Theorem 2.
The trajectories are nearly ∆t-independent at fixed physical
horizon, indicating the asymptotic neighborhood is dominated
by c0 rather than ϵ̄ (cf. Theorem 4).

V. CONCLUSION

We have established conditions under which data-driven
MPC applied directly to input–output data from a nonlinear
system yields practical exponential stability. The key insight is
that an approximate Koopman embedding serves as a purely
analytical certificate: the controller never uses the Koopman

model, but the embedding’s existence allows the nonlinear data
to be interpreted as noisy LTI data, enabling the robust stability
theory of [3]. The proportional error structure (Theorem 4)
further recovers an asymptotic tracking error depending only
on the irreducible offset c0, which is negligible for the syn-
chronous generator at practical sampling rates.
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